A algorithm based one three classes of elementary steps for folding RNA sequences into secondary structures is presented. It is formulated as a stochastic process on the discrete confomational space of the RNA molecules. A formal frame is developed for the folding process. The algorithm is applied to several otherwise hard to discuss problems of RNA structural biology: (i) classi cation of RNA molecules according to foldability, (ii) the role of modi ed bases for tRNA folding and stability, (iii) relations between thermodynamic stability and foldability, and (iv) an explanation for existence and attainability of metastable states.
Introduction
The conformational diversity of natural biopolymers, likewise nucleic acids or proteins, is spanned between two limiting states, the loose and moblile random coil and the compact and rigid native state which is often also the most stable or minimum free energy (mfe) conformation. A random coil is best characterized by the complete absence of intrachain contacts whereas the energy weighted number of these contact is maximal in the mfe conformation. A contact is understood here as a speci c interaction between two segments of the chain. Many di erent classes of contacts are observed in three dimensional structures and hence, formalization and modeling of RNA folding from random coils into full structures is a very di cult task, too hard to be solved at the present state of the art.
In the case of RNA, of single stranded nucleic acid molecules precisely, the coarse-grained and simpler notion of secondary structure is readily accessible to mathematical analysis and computation. It refers to a topology of binary contacts arising from speci c base pairing (Watson-Crick and GU), rather than a geometry cast in terms of distances ( Figure 1 ). Base pairing is restricted to the no-pseudoknot condition (for a formal de nition see section 2). The force driving secondary structure formation is stacking between contiguous base pairs. Any formation of an energetically favorable double-stranded region implies, at the same time, the formation of an energetically unfavorable loop. This \frustrated" energetics leads to a vast combinatorics of stack and loop arrangements spanning the conformational repertoire of an individual RNA sequence. by ticks. They occur in loops, where they are enclosed by base pairs, and in free ends or links between independent structure modules, where they are called \exter-nal". Below the graph we show an equivalent notation of the secondary structure by means of parentheses and dots: a lefthand parenthesis corresponds to a base pairing downstream on the sequence, a righthand parenthesis pairs with a nucleotide situated upstream, and a dot represents an unpaired base.
The secondary structure is not just an utter abstraction representing a convenient tool for theorists, but it provides both geometrically and thermodynamically a sca old for the tertiary structure. Its free energy accounts for a high fraction of the free energy of the full structure. This linkage puts the secondary structure in correspondence with functional properties of the tertiary structure. In addition, the secondary structure is an intermediate on the folding path from random coil to full structure. On rising temperature, tertiary contacts usually disappear rst and internal double helices melt later 1]. Consequently, selection pressures (and hence functional elements) become observable at the secondary structure level in terms of conserved base pairs 2]. Moreover, any successful exercise in secondary structures can be extended straightforwardly to several classes of tertiary contacts with roughly conserved local geometries like, for example, non-Watson-Crick base pairs, base triplets and quartets or end-on-end stacking of double helices.
In section 2 of this contribution we present a short account on the formal issues of conformational spaces, folding trajectories, and folding paths for RNA secondary structures in order to provide a frame for the forthcoming treatment of RNA folding. Section 3 introduces the new folding algorithm and puts it into the context of a stochastic process in the conformational space of the sequence under consideration. In section 4 we consider applications to several selected problems which cannot be studied successfully within the thermodynamic approach. Section 5 presents concluding remarks and a outlook to further developments in the future.
Conformation spaces and folding pathways
In order to develop a formal frame for folding RNA sequences into secondary structures we denote an RNA sequence by a string I k = (x are the nucleotides at the 5'-end and the 3'-end of the sequence, respectively. A secondary structure (S) can be conveniently discretized as a graph representing a pattern of contacts or base pairs ( Figure 1 ). The nodes of the graph represent bases x i at the positions i = 1; : : : ; n (We shall drop superscripts whenever statements and de nitions are valid for any sequence I k ). The set of edges can be partitioned into two parts. One is common to all secondary structure graphs, and represents the covalent backbone connecting the nodes i and i + 1 for i = 1; : : : ; n ? 1. The other part is the secondary structure proper, and consists of a set of edges i j with j 6 = fi?1;i;i+1g. The set has to satisfy two conditions: (i) every edge in connects a node to at most one other node, and (ii) if both i j and k l are in , then i < k < j implies that i < l < j . Failure to meet condition (ii) results in pseudoknots which belong to the tertiary contacts.
Secondary structure graphs are formal combinatorial objects and thus be subject to mathematical treatment. Of particular interest are secondary structures ful lling some extremal condition, such as minimal free energy (mfe). They can be computed by dynamic programming 3{5]. Following an idea by Waterman we have recently extended the standard RNA foding algorithm to compute all conformations within some energy range above the mfe 6].
A sequence I k is called compatible with a secondary structure, S, I k 2 C(S) with C(S) being the set of compatible sequences 7], whenever
j ] 2 B = fAU; UA;UG;GU;GC;CGg8i j 2 (S) is ful lled or, in other words, when the sequence I k allows to form a base pair whenever (S) contains a contact between the corresponding positions. A sequence I k , in general, is compatible with a set of structures, S(I k ) = Secondary structure formation is described by a sequence of elementary steps chosen at random from a pool of acceptable moves in conformation space. The result is a trajectory T (I k ) consisting of a time ordered series of structures chosen from S(I k ). A folding trajectory is de ned to start from the open chain 0 and to end, eventually, in the mfe structure S 0 :
T (I k ) = f0; S(1); : : : ; S(t ? 1); S(t); S(t + 1); : : : ; S 0 ; S(j) 2 S(I k )g : (1) Since the conformational space of secondary structures is always nite every trajectory will reach S 0 after su ciently long time. This time span represents a rst passage time which we chartacterize as folding time (associated with the trajectory). The folding time is a stochastic variable with the probability distribution P (t) = Probf tg In practice, the folding time may well be too long to be followed by computer simulation. Accordingly, we shall distinguish cases in which the mfe structure is actuall attained within the time alloted to the computation from those trajectories that are caught in some suboptimal conformation.
Folding trajectories may contain loops in the sense that certain suboptimal conformations are visited twice or more often: S(t) = S(t +`), where`is the length of the loop. We call a trajectory from which all loops were eliminated a folding path. Clearly, no structure appears twice in a folding path.
3 Move sets and the folding algorithm
The relation between two structures which makes them attainable from each other by a (single) move still needs to be de ned. We request that such definitions meet biophysical constraints. The simplest conceivable change in a secondary structure is addition or removal of a single base pair contact in agreement with the no-pseudokot restriction (See gure 2: moves B and C). This is most easily visualized in the circular representation of RNA structures. A new base pairs introduces an additional chord into the circular diagram that does not intersect with an existing chord. These two moves, B and C, when applied su ciently often, allow to construct a path connecting every arbitrarily chosen pair of structures. The metric induced by the simple move set onto the conformation space is the base pair distance between structures, d BP ( Figure 3 ). Although the simple move set is su cient in principle, it was found to lack e ciency in practice. Addition of a third move consisting of a base pair shift, however, improved the performance of the algorithm. As shown in gure 2 the shift is a combination of a base pair removal and a base pair addition which have one base in common. In the circular plot the shift is easily visualized as a displacement of a chord with one end xed and obeying the non-crossing rule. We can distinguish two types of shifts: in the rst case the nature of the parenthesis of the constant base is unchanged whereas it changes from downstream pairing to upstream pairing or vice versa in the second case (D and E in gure 2, respectively). The change in the pairing direction is caused by crossing the 5'-3' gap in the latter base pair shift. The set of three moves also induces a metric onto conformational space but it is much harder to cast it into a simple expression.
RNA folding is modeled as a Markov process in conformation space. The time dependent random variable X(t) describes individual folding trajectories, e.g. T (I k ) shown in eq. (1). We understand it as the index j of the conformation observed at time t: X(t) = i =) S(t) = S i ; i 2 f0;1;:::;m + 1g ;
where m + 1 is the index of the open chain 0 (Note that the total number of conformations including S 0 and 0 S m+1 is m + 2). The probability to observe conformation S i at time t as the secondary structure of I k is given by P i (t) = ProbfX(t) = ig. According to conventional stochastic kinetics of chemical recations 8] folding is described by the master equation
All elements of the transition matrix, k = fk ij g, which do not correspond to single moves of the chosen set, are assumed to be zero. The non-zero transition elements have to be chosen consistently with the free energies di erences of conformations and thus must ful ll
where G 0 i and G 0 j are the free energies as obtained from folding the sequence I k into the conformations S i and S j , respectively. We applied two de nitions for the individual transition frequencies: (i) the Metropolis rule 9]
and (ii) a symmetric rule introduced by Kyozi Kawasaki 10] k ij = exp(? G ij =2RT) :
A comparison of computer implementations for algorithms with the two rules showed that the second assumption leads to substantial improvement in folding performance without changing other properties.
It might be questioned whether or not the identi cation of transition probabilities is su ciently exible to allow for diverse pathways. Even in case of single hairpin formation we nd di erent intermediate energies for individual folding path (an example is shown in table 1). The two folding paths build the double helix through the formation of consecutive base pairs in opposite directions, one starting from the innermost base pair going outwards and the second proceding inwards from the outermost pair. The free activation energies are 3.6 and 4.82 kcal/mole, respectively.
A computation of the transition matrix using free energies of (sub)optimal conformations exclusively, as applied here, provides substantial advantage over other procedures. Whenever a new, commonly more sophisticated, energetically important regularity of RNA structure is discovered and included in the list of structural elements it is automatically taken into account by the folding algorithm. Thus it is straightforward to extend the analysis of folding behavior to the consideration certain classes of tertiary interactions for which su cient experimental data are available. Examples are H-type pseudoknots, coaxial continuation of stacks, extension of double helices by non-Watson-Crick base pairs (commonly purine-purine pairings), U-U pairs in interior loops and base triplets.
Despite relative simplicity of the master equation (2) analytic solutions are available only for drastic simpli cations, e.g. for the restriction to transitions between neighboring states (j; j 1) and equal values of the transition probabilities (k j;j+1 = k ! , k j;j?1 = k ). In order to analyze the above formulated stochastic process we have to rely therefore on numerical simulations. For this goal we make use of an algorithm that has been conceived in the seventies by Daniel Gillespie 11, 12] in order to study stochastic phenomena in chemical reactions. Gillespie's method is based on the same assumption as the derivation of the master equation: individual elementary steps are uncorrelated and the occurence of a reaction event follows a Possion process on a properly scaled time scale. Probability distributions, expectation values, variances, and other ensemble properties are obtained through sampling of su ciently large numbers of trajectories with identical initial conditions (and di erent seeds for the pseudo-random number generators). 4 Applications to selected problems Five problems are chosen as representative examples for RNA folding, three constructed molecules and two examples of natural RNA molecules, an example of a tRNA and SV-11, a small variant RNA found in the Q replication assay. They illustrate di erent aspects of folding and show that most of the issues commonly discussed with natural molecules occur also at much shorter chain lengths. fraction of folding trajectories that reached the mfe structure at times t is given by the distribution P (t). It is plotted on a logarithmic time scale (log t). Sequence I 1 is an ine cient folder since only about 50 per cent of the folding trajectories lead directly to the mfe structure while the rest passes rst a local minimum. In contrast, I 2 and I 3 fold e ciently.
4.1 A small hairpin loop and ground state degeneracy Our rst example considers the structure S 0 = .. ((((....))) ).] consisting of a tetraloop which is closed by a stack of four base pairs. The stack has two free ends of lengths n = 2 and n = 1, respectively. A sequence I 1 = (ACU-GAUCGUAGUCAC) is arbitrarily derived by means of inverse folding 13].
The folding behavior is represented by the distribution of folding times ( f ) in gure 4. We recognize easily two regimes of almost equal probability of occurence: a rst regime of fast folding and a second slow regime in which the mfe conformation is reached only after the trajectories had rst visited one or more other local minima.
In order to analyze the folding behavior in more detail we compute a tree of local minima for the conformational landscape. This tree contains the global minimum, and all local minima as well as all lowest saddle points connecting them on the folding landscape ( gure 5). The tree of local minima allows to visualize instantaneously the folding path: the reconstruction starts from the open chain, 0, which corresponds to a local mnimum and goes upwards step by step until a saddle is reached that allows to descend to the mfe comformation. In our special example (I 1 ) two suboptimal conformations can be reached by descent from the rst saddle point at a free energy of 1.80 kcal/mole. One of them, S 1 = ((((....))) )...], lies only 0.2 kcal/mole above the mfe. This conformation acts as as folding trap since it takes relatively long time to escape from this local minimum and to reach the next saddle point at 2.10 kcal/mole. From there direct descent leads to the mfe conformation. The fast folding regimes mentioned above correspond to direct folding passing the two saddles one after the other whereas the molecules visits S 1 in the slow regime.
In order to improve the folding properties without changing the mfe structure we applied an in silico implementation of a ow reactor for the optimization of RNA properties 14]. The sequence obtained in one particular optimization experiment, I .....)) ).] has the same free energy, ?1:1 kcal/mole, as structure S = S 0 . Thus, we are dealing with an ensemble of mfe structures and not with a single mfe structure. Our folding algorithm determines the rst passage time from the open chain towards one structure arbitrarily chosen from the mfe ensemble and does not deal with the probability distribution within this ensemble. It is, however, straightforward to compute the mfe ensemble that is consistent with the stochastic process (2).
We calculate the stationary ensemble at T = 0 K from the dynamic equation for the`structures forming the ground state ensemble by neglecting all transitions to conformations of free energies higher than the mfe: Stationary probabilities P i are obtained from the conditions dP i (t)=dt = 0. The equations can be simpli ed further since both de nitions of transition probabilities, Metropolis or Kawasaki, lead to the same result for vanishing .. ((((....))) ). .. ((((....))) ). Since P`? 1 i=0 P i = 1 we nd P i = 1=`for all i: the stationary ensemble is always represented by the uniform distribution.
It is not di cult to nd a sequence that folds e ciently into a non-degenerate ground state of structure S . An example is given by the sequence I 3 = (CGGGCUAUUUAGCUG). Again we obtain a tree of local minima that contains 0 and the mfe structure S within the same folding funnel. The folding behavior of I 3 is very similar to that of I 2 , although, in detail, the folding times of I 2 are a little shorter and their distribution is narrower. The mfe of I 3 is much lower than those of the other two sequences because of the larger number of GC base pairs. It is interesting that the stability of a structure is not re ected by folding behavior.
The primary take-home lesson of this example results from a comparison of folding behavior and the trees of local minima. Folding e ciency is apparently a result of the multiplicity of folding paths and neither a consequence of the mfe nor of the free energy gap between mfe and the rst suboptimal conformation. The number of conformations representing local minima of the free energy surface, as directly derived from the trees ( gure 5), is 5, 6 (or 7 including mfe degeneracy), and 5 for I 1 , I 2 , and I 3 , respectively, and thus not useful for predicting folding e ciency. What actually matters is the number of saddle points that enabling bifurcations in folding paths. Passage via a single saddle point doesn't allow bifurcation and is most e cient, therefore.
Direct folding and escape pathway
The second example deals with the escape pathway from an conformational trap. The sequence I = (GGGAUUUCUCGCUAUUCCAGUGGGA) forms the mfe structure S 0 = ...... (((((((.....) ))))))] and a lowest suboptimal structure, S 1 = (((....))).....(((....)))], which has almost the same free energy. Figure 6 shows the sequence of structures on an escape path leading from S 1 to S 0 as well as the free energy pro le. The pro le shows the e ect of the shift move: the trajectory computed with the move set allowing only for formation and opening of base pairs passes two additional saddle points between conformations 7 and 9 which are avoided when the shift moves is included in the set. In addition, the gure compares the escape trajectory with one particular trajectory showing downhill folding from the open chain to S 0 after a rst activation step and corresponds to regular closing of the base pair zipper (as in the example shown in table 1). The tree of local minima of I again re ects the reported folding behavior: it contains two major branches corresponding to S 0 and S 1 , respectively, as well as ve minor branches.
In order to illustrate the folding behavior we use a suitably modi ed probability density of folding times, the folding characteristic: In gure 7 we show the folding characteristic of sequence I. The two major peaks represent the two predominant folding paths corresponding to the direct zipper ( gure 6) and to an alternative route visiting the evolutionary trap represented by S 1 . Details on the curve indicate the presence of minor folding paths like, for example, the shoulder on the right ank of the faster folding peak. This example demonstrates the usefulness of the folding characteristic (t) in the detection of details in the folding behavior.
A switching molecule
The third example was designed as a molecules with two almost equally stable yet su ciently distinct conformations of low energy in order to learn more about the role of nucleation centers for folding. The sequence of the construct, I = (GGCCCCUUUGGGGGCCAGACCCCUAAAGGGGUC), folds indeed into two highly stable conformations, the mfe structure consisting (((((.....) )))))))))))))] and a rst suboptimal conformation with two hairpins of six base pairs each S 1 = ((((((....) ))))). ((((((....) )))))]. The tree of local minima for I is shown in gure 8. It is clearly separated into two folding funnels without any other branches or leaves. The energy valley of S 1 is su ciently deep to prevent molecules that have fallen into it from refolding into the mfe structure within the time spans of our computer experiments. The conformation S 1 is a true long-lived metastable state.
In order to illustrate the folding of sequence I we plot the fraction of folded molecules as a function time ( gure 9). The abundance of molecules folded into conformations S 0 and S 1 is not very di erent from 1:2. Folding starts by the nucleation of a double helical region and accordingly, S 1 with two stacks has two nucleation centers whereas S 0 has only one. Considering cases where other conditions for folding are the same, the number of nucleation centers (((....) ))))). ((((((....) ((((((((((.....) ))))))))))))) apparently determines the frequency of dominant conformations.
Modi ed bases and tRNA folding abilities
The folding properties of tRNA molecules with and without modi ed bases are computed and compared. Base modi cation is considered in the calculations by excluding them from base pairing but allowing for single base interactions like, for example, terminal mismatches accounting for stacking on top of double helices. The role of base modi cation on tRNA stability expressed by the free enery gap between mfe structure and rst suboptimal con guration ( " = G(S 1 ) ? G(S 0 )) has been recently calculated and discussed 6]: many of the modi ed bases are unable to form regular base pairs and this inability imposes a strong and important constraint upon secondary structure formation. Accordingly, several suboptimal conformation cannot be formed and thus the energy gap " increases. Whenever the unmodi ed sequence does not from the correct clover leaf structure modi cation may even lead to a change in the conformation of the ground state. Here we present the re- Fig. 10 . The tree of local minima of tRNA phe . The tree refers to the unmodi ed sequence. We distinguish six folding funnels leading to the conformations S 0 , S 1 , S 2 , S 6 , S 9 , and S 10 . These six conformations partition the conformation space into six basins with only one exception consiting of a tiny folding funnel for the conformations S 37 and S 46 . The mfe structure S 0 is not the natural conformation: the correct clover leaf appears in the tree as conformation S 6 . In the gure we present also the fractions of folding trajectories ending in the individual basins. sults on base modi cation derived from an analysis of conformation space and folding properties. Figure 10 presents the tree of local minima for the unmodi ed sequence. We distiguish six folding funnels which are dominated by the conformations S 0 , S 1 , S 2 , S 6 , S 9 , and S 10 , respectively. The correctly folded clover leaf is not obtained as mfe structure. It appears as conformation S 6 with a free energy of about 1 kcal/mole above the ground state. Base modi cation changes the sequence of conformations and turns the clover leaf structure into the ground state.
Next we compare the computed distributions of folding times for the unmodied and the modi ed sequence ( gure 11). Modi cation leads to a remarkable Fig. 11 . The folding behaviour of tRNA phe . The upper part of the gure compairs the distribution of folding times for the modi ed and the unmodi ed sequence of tRNA phe . In the lower part we present the folding characteristic of the sequences with modi ed bases which clearly indicates excellent folding behavior. As in gure 7 the solid was obtained by smoothing strongly scattered individual points. improvement of the folding behavior. Practically all trajectories lead to the clover leaf. The e ciency of folding becomes evident also in the folding characteristic of the modi ed sequence (shown in the same gure) which consists of a single peak only. This is consistent with a recent analysis of experimental data 16] which suggests a direct pathway towards the native state of tRNA phe . The distribution of folding times of the unmodi ed sequence reveals also an interesting feature: despite the facts that the clover leaf is neither the structure with lowest energy nor the one with the largest folding funnel (expressed in terms of numbers of local minima in the basin), it is formed directly by about 50 per cent of all folding trajectories (see gure 10). All other stable conformations are reached by less than 12.5 per cent or 1/8 of all folding computer experiments. A straightforward explanation for the high frequency of clover leaf formation makes use of the number of independent nucleation centers: as we saw in the previous example (section 4.3), the frequency of structure formation is largely determined by the number of stacking regions and the clover leaf has more possibilities for nucleation than the other competing conformations.
The previously addressed relation between thermodynamic stability and foldability (section 4.1) has been studied for the structure of tRNA phe as well. Special sequences forming the correct clover leaf as mfe structure were designed and again higher stability of the structure as expressed by a larger energy gap " did not lead to better folding behavior.
The Q variant SV-11
The Q variant SV-11 was derived from the natural sequence by means of serial transfer experiments. It has a chain length of n = 110 and presents an example of an RNA molecule with a dominant metastable state ( gure 12). The mfe structure is a long hairpin interrupted by ve bulges and internal loops. The functionally important property of the metastable SV-11 conformation is its ability to act as a template for replication by Q replicase. The mfe hairpin is completely inactive in this respect.
Despite a free energy that is lower than that of the dominant metastable state by more than 25 kcal/mole the ground state conformation is formed only by about 16 per cent of the trajectories. The majority of folding trajectories gets trapped in the basin of the metastable structure. In order to illustrate the folding behavior of the SV-11 sequence we present an analysis of the fraction of trajectories that visit the local minima of given free energy in gure 13. Our result gives a straightforward explanation for the easy accessibility of the metastable state and di ers from previoius predictions in the literature 17, 18] which either failed to predict the metastable conformation or reproduced it only when folding was done simultaneously with chain growth.
Conclusions and perspectives
The folding algorithm for RNA secondary structures represents to our knowledge the rst successful attempt to trace formation of polynucleotide structures down to the level of single base pairs. The most natural move set contains two elementary steps, formation and opening of individual base pairs. It turned out in practice, that the incorporation of the base pair shift as a third move led to an substantial improvment in the folding behavior without changing results. Accordingly, we decided to base our algorithm on the extended move set. The de nition of transition probabilities was led by the desire to construct a procedure that is by no means restricted to the current understanding of RNA secondary structures. Therefore, we searched for a possibility to use in the algorithm only such quantities which are determined independently of the de nition of secondary structures. The free energies in conformations are ideally suited for this purpose and hence our transition probabilities between conformations use exclusively free energy di erences. This assumption xates only the ratio of the transitions probabilities (k ij =k ji ) and any common factor would be consistent with it. The use of Kawasaki's de nition 10] rather than the usual Metropolis assumption 9] for individual transition probabilities was motivated by the greater e ciency of the former. The Kawasaki assumption favors downhill steps with larger free energy gain and this seems to manifest itself in shorter folding times.
The exclusive use of free energies di erences between conformations makes our algorithm independent of a particular de nition of secondary structure, like, for example, the accessibility to dynamic programming, and allows to extend it to any kind of tertiary interactions for which su cient empirical knowledge is available.
An important general question is concerned with the reliability of the predicted results. In a previous study we investigated the robustness of most currently available algorithms in predictions on RNA structures 19] and found that although the predictions for individual sequences may be poor generic properties are reproduced quite well. In particular, general relations between sequences and structures derived by secondary structure prediction algorithms turned out to be quite reliable. In the context of the current study we expect again that generic features are reproduced correctly by the computations. Such features are the separation of conformation space into basins of attraction for several dominant structures, the existence of metastable states with large basins of attraction being accompanied by mfe structures which are reached only by a small fraction of folding trajectories.
The often mentioned conjecture that a large free energy gap between the ground state and the rst suboptimal conformation of a biopolymer is an indication of good folding properties was shown to be incorrect, at least for RNA secondary structures. We were able to design several pairs of sequences that contradict this view. What actually determines the folding behavior is the number of nucleation centers for double helical regions as well as the numbers and the heights of the saddle points that have to be passed along a trajectory from the open chain to the folded conformation. In other words, what matters is the energy pro le of the trajectories and the multiplicity of equivalent ones. The tree of local minima turned out to be an excellent tool to study folding pathways. It provides straightforward explanations for e cient and ine cient folding behavior.
So far folding has been considered as a process leading from the open chain to the mfe conformation or a metastable state. Extensions towards two other problems are straightforward and algorithms corresponding to them are under development: (i) cofolding or hybridization of two RNA molecules into a joint structure and (ii) RNA folding simultaneously with chain growth which is expected to be particularly important in case of large RNA molecules.
